The adjoint tidal model based on the theory of inverse problem has been applied to investigate the effect of bottom friction coefficient (BFC) on the tidal simulation. Using different schemes of BFC containing the constant, different constant in different subdomain, depth-dependent form, and spatial distribution obtained from data assimilation, the M 2 constituent in the Bohai, Yellow, and East China Sea (BYECS) is simulated by assimilating TOPEX/Poseidon altimeter data, respectively. The simulated result with spatially varying BFC obtained from data assimilation is better than others. Results and analysis of BFC in BYECS indicate that spatially varying BFC obtained from data assimilation is the best fitted one; meanwhile it could improve the accuracy in the simulation of M 2 constituent. Through the analysis of the best fitted one, new empirical formulas of BFC in BYECS are developed with which the commendable simulated results of M 2 constituent in BYECS are obtained.
Introduction
The bottom friction plays a significant role in the tidal phenomenon. In numerical simulations of tide, bottom friction is generally parameterized by the bottom friction coefficient (BFC). In order to improve the simulation accuracy, it is essential to determine the BFC correctly. In previous studies [1] [2] [3] [4] [5] [6] [7] [8] , several methods were suggested to determine the BFC and some encouraging simulated results were achieved. Lee and Jung [9] used a three-dimensional mode-splitting, -coordinate barotropic finite-difference model to examine M 2 tidal elevation and current in the Yellow Sea and East China Sea, and they treated the BFC as a constant in the whole computing domain. Zhao et al. [10] simulated the semidiurnal and diurnal tides and tidal currents in the whole Eastern China Seas with different BFC in different subdomain. Kang et al. [11] carried out a fine grid tidal modeling experiment to study the tidal phenomena in the Yellow and East China Seas, and they used the depthdependent form of BFC. He et al. [12] set up a numerical adjoint model with TOPEX/Poseidon (T/P) altimeter data to investigate the shallow water tidal constituents in the Bohai and Yellow Sea. In their model, the Bohai and Yellow Sea were divided into five sub-regions with different BFC. Lu and Zhang [13] used the adjoint method to assimilate T/P altimeter data into a 2-dimensional tidal model in the Bohai, Yellow, and East China Sea (BYECS) and the spatially varying BFC were estimated with the independent point strategy.
Additionally, open boundary conditions (OBCs) are crucial for the representation of tidal processes in the regional ocean model [14] . Generally, OBCs could be obtained from the larger scale model or by interpolating the existing observation data near the location. However, OBCs obtained by the methods mentioned above have to be adjusted by experience to get ideal simulated results. Based on the theory of inverse problem, the adjoint method is a powerful tool for parameter estimation [15] , and thus OBCs could be optimized automatically. Zhang and Lu [16] applied the four-dimensional variational data assimilation technology to simulate the three-dimensional tidal currents in the marginal seas and the OBCs were optimized. Guo et al. [14] estimated the OBCs in Bohai Sea by an adjoint data assimilation approach with independent point strategy and obtained good simulated result of M 2 constituent. Zhang and Wang [17] developed a new method based on the adjoint method to inverse the periodic OBCs in two-dimensional tidal models and used it to simulate the M 2 constituent in BYECS successfully.
As mentioned above, BFC is an important parameter for tidal models and many schemes of BFC have been used in previous study. However, so far there are few systematic comparisons about the different schemes of BFC. Because different numerical models and observations are used in different studies, the simulated results in those papers in which the BFC are different could not be compared directly. In this paper, firstly the adjoint tidal model is employed to compare some different schemes of BFC. At the same time, in order to reduce the influence of OBCs that are also important for tidal models, we use the adjoint method to optimize OBCs. Based on the simulation of M 2 constituent in BYECS, several different schemes of BFC including the constant, different constant in different subdomain, depthdependent form, and spatial distribution obtained from data assimilation are compared to find the best fitted one. Then we try to analyze the best fitted one to set up new empirical formulas of BFC in BYECS with which the preferable simulated results could be obtained.
Adjoint Tidal Model
2.1. Equations. The governing equations are described under the rectangular coordinate system. Assuming that pressure is hydrostatic and density is constant, the depth averaged twodimensional tidal model is as follows:
where is time, and are Cartesian coordinates, ℎ is undisturbed water depth, is sea surface elevation above the undisturbed sea level, and V are velocity components in the east and north, is the Coriolis parameter, is the acceleration due to gravity, is the BFC, and is the horizontal eddy viscosity coefficient.
With the adjoint method described in Lu and Zhang [13] , the cost function is constructed as
where is a constant and Σ is the set of the observation locations. And the adjoint model can be constructed as follows:
where is the simulated result,̂is the observation, and , , and ] denote the adjoint variables of , , and V, respectively. The finite difference schemes of (1) and (3) are similar to those in Lu and Zhang [13] . 
Model Setting. The computing area is BYECS
(117.5 ∘ E-131 ∘ E, 24 ∘ N-41 ∘ N)
Numerical Experiments and Result Analysis

Calculation Process of Numerical Experiments.
Initial conditions are that the sea surface elevation ( ) and the velocities ( and V) are zero. In addition, the initial values of OBCs are set to zero.
The calculation process of the adjoint tidal model is designed as follows.
(1) With the BFC given, which is fixed in the whole computing process, OBCs existed and other model parameters run the forward tidal model. Repeat steps (1)-(3) until the number of iteration steps is exactly 100. For the setting of adjoint tidal model in this study, 100 iteration steps are sufficient because both the cost function and the difference between observations and simulated results will decrease slowly after this step.
Setting of Numerical Experiments.
In each numerical experiment, the BFC is fixed and the OBCs are optimized by assimilating T/P altimeter data into the adjoint tidal model, so that we could compare the different schemes of BFC adequately without the possibility that the OBCs do not match the BFC. Moreover, the tide gauge data are used as an independent check of the model fidelity.
Refer to some schemes of BFC generally used in previous studies, and we design several numerical experiments to compare them. E1: the BFC is treated as a constant (0.0015) in BYECS.
E2: the BFC is depth-dependent form which is similar to that used by Kang et al. [11] . The BFC is defined by = / 2 , where is gravity acceleration, is Chezy coefficient, and the depth-dependent form of the Chezy coefficient are applied as = ℎ 1/6 / with = 0.023.
E3: the scheme of BFC is the same as that employed in Zhao et al. [10] . The BFC is taken to be 0.001 at the west of the line from (25 ∘ 15 N, 120 ∘ 45 E) to (40 ∘ 00 N, 124
∘ 15 E), 0.0035 in the Korean Strait, and 0.0016 in other areas.
E4: the space-varying BFC is obtained by assimilating observations using the adjoint method in Lu and Zhang [13] . The difference is that the initial condition of BFC in this paper is 0.0015. The spatial distribution of BFC is shown in Figure 3 .
Results of Numerical Experiments.
When the tide is stable, the results of next period are used to do harmonic analysis. The mean absolute errors (MAEs) in amplitude and phase between simulation results and observations (T/P data and tidal gauge data) are shown in Table 1 . From Table 1 , one can find that E4 obtains the best simulated result. From the MAEs in amplitude and phase between simulation and T/P data, it could be found that E4 obtains the best assimilated results in the same steps of assimilation. And it is obvious that MAEs between simulation and tidal gauge data are minimum. We try to increase the number of iteration steps in E1, E2, and E3, but no improvements are achieved.
The cotidal chart of M 2 constituent obtained in E4 is shown in Figure 4 . Compared with Lefèvre et al. [19] and Fang et al. [20] , the cotidal chart seems to coincide with the observed M 2 constituent in BYECS fairly well. It also proves that E4 gets perfect simulated result. As shown in Figure 4 , there are two amphidromic points in the Bohai Sea, one of which is near Qinhuangdao and the other is near the Yellow River delta. There are also two amphidromic points in the Yellow Sea, one of which is north of Chengshantou and the other is southeast of Qingdao. Table 1 and Figure 4 , it is obvious that E4 with the space-varying BFC obtains the best simulated result.
Discussion of BFC
Discussion from Numerical Results. As shown by
Mofjeld [21] used a turbulence closure model to investigate the dependence on water depth of bottom stress and quadratic drag coefficient for a steady barotropic pressuredriven current in unstratified water when the current was the primary source of turbulence. He noted that the quadratic drag coefficient was approximated reasonably well by a formula from nonrotating channel theory in which the coefficient depended only on the ratio of the water depth to the bottom roughness. Jenter and Madsen [22] studied the bottom stress in wind-stress depth-average coastal flows and found that the drag tensor variation was a function of water depth, wind stress, and bottom roughness. From the aforementioned studies, it is seen that the BFC generally depends on the water depth and bottom roughness. And there is no doubt that the water depth and bottom roughness are diverse in different area and they vary spatially. In addition, Kagan et al. [23] studied the impact of the spatial variability in bottom roughness on tidal dynamics and energetics in the North European Basin and indicated that ignoring the spatial variability in bottom roughness was only partially correct because it was liable to break down for the tidal energetics. Therefore, the BFC should be spatially varying in fact. It is noticeable that the schemes of a constant BFC like in E1 is not reasonable enough. The space-varying BFC obtained from the data assimilation seems to be more advisable in physics.
In fact, BFC in E2 is depth-dependent, and thus it is also spatially varying. However, the simulated results from E2 are worse than that from E1 and E3 and much worse than that from E4. From Figure 3 , the BFC in shallow water are larger than those in deep water in the Bohai Sea and the Yellow Sea individually. Meanwhile, the average water depth of the Bohai Sea is 19.3 m and the average BFC is 0.00082, while they were 45.4 m and 0.00081 for the Yellow Sea and 334.7 m and 0.0015 for the East China Sea. From the definition of BFC in E2, it is evident that the BFC and the depth are in inverse proportion in whole region. In detail, the average BFC of the Bohai Sea is 0.0021, while it is 0.0017 for the Yellow Sea and 0.0011 for the East China Sea. We can find that the BFC in the Bohai Sea and the Yellow Sea has the same changing trend with E4, but the value is larger. Green and McCave [24] indicated that the form drag caused by the bottom topography, wavecurrent interaction, boundary-layer stratification, and so on may impact the BFC. The water depth changes largely in the Okinawa trough, so the form drag should be larger. But in E2 the BFC in East China Sea is small and the East China Sea is the largest area in BYECS, so the simulated result of E2 is dissatisfactory. We surmise that the scheme of BFC in E2 may be reasonable in the shelf sea and not applicable in the area of slope and trough. Thus, it can be seen that the spatially varying BFC from data assimilation is better than the depthdependent form in BYECS, especially in the East China Sea.
In addition, E3 obtains better result than E2. In E2, the BFC is 0.0019 at the west of the line in E3, 0.0012 in the Korean Strait, and 0.0014 in other areas; meanwhile they are 0.0008, 0.0014, and 0.0015 in E4. In the areas except the Korean Strait whose area is small, the BFC in E3 and E4 have the same changing tendency and the average values are approximately equal. However there is the opposite trend in E2. It seems to explain that the BFC in E3 is better than that in E2. And it proves that the scheme of BFC in E4 is the best fitted one from another side.
In conclusion, the spatially varying BFC in E4 is the best fitted BFC in BYECS.
Further Exploration of BFC.
In this section, the scheme of BFC in E4 is analyzed to investigate the relationship between BFC and water depth, the change rate of seafloor topography (CRST), and bottom roughness.
In this study, CSRT is described as follows:
And bottom roughness is described as follows:
The correlation coefficient between BFC and water depth is 0.4540, while it is 0.3845 for CRST and 0.2520 for bottom roughness. It is shown that water depth is the significant factor that affects BFC. We demonstrate the BFC versus water depth in Figure 5 and could find that the BFC is a constant when water depth is larger than 100 meters. However, when water depth is less than 100 meters, the BFC varies complicatedly. So we focus on the study of quantitative relations of BFC with water depth, CRST and bottom roughness when water depth is less than 100 meters.
Considering BFC is mainly affected by water depth, in first step we ignore the CSRT and bottom roughness to make 
From another perspective, a linear function could describe the relationship between BFC and water depth roughly, and at the same time ℎ and ℎ are also considered. As seen in Figure 6 , BFC increases linearly along with ln( ℎ) by and large. From Figure 7 , it is shown that it is difficult to use a formula to describe the relationship between BFC and ln( ℎ). Therefore considering the impact of ℎ, ℎ upon BFC, we obtain the formula as follows: = { 1.5363 × 10 −3 , ℎ ≥ 100 (0.5255 + 0.0068ℎ + 0.0731 ln ( ℎ)) × 10 −3 , ℎ < 100.
Using formulas (6) and (7), two new schemes of BFC in BYECS are obtained, and they are recorded as E5 and E6. The differences between simulated results and observations are shown in Table 2 .
From Tables 1 and 2 , it could be found that the simulated results of E5 and E6 are better than those of others except E4. It indicates that the schemes of BFC obtained from the statistical relation could describe the BFC in BYECS preferably and improve the result of numerical simulation.
Through the analysis of the scheme of BFC in E4, we set up new empirical formulas of BFC in BYECS with which the commendable simulated results are obtained. It should be noted that the calculation of BFC in BYECS by the new empirical formulas just needs the bathymetric data. So it can be considered to be referenced in the simulation of M 2 constituent in BYECS.
Conclusions
The adjoint tidal model based on the theory of inverse problem has been applied to investigate the effect of BFC on the tidal simulation. The M 2 constituent in BYECS is simulated by assimilating T/P altimeter data with several different schemes of BFC: the constant, different constant in different subdomain, depth-dependent form, and spatial distribution obtained from data assimilation. Comparing with the observations at tidal gauges, it is found that the simulated result with the spatially varying BFC is the best, and the MAEs in amplitude and phase are 6.7 cm and 6.6 ∘ , respectively, while the least values in other experiments are 9.9 cm and 7.2 ∘ . Comparing with the observations at T/P stations, we found that the simulated result with spatially varying BFC has advantages over others and the MAEs in amplitude and phase are 5.7 cm and 5.8
∘ , respectively, while in other experiments they are at least 6.9 cm and 6.1 ∘ . The simulated results and the analysis of BFC in BYECS simultaneously indicate that spatially varying BFC obtained from data assimilation is the best fitted one, and it could improve the accuracy in the simulation of M 2 constituent. Finally, through the statistical analysis of the spatially varying BFC obtained from data assimilation, new empirical formulas of BFC in BYECS are obtained. We found that the simulated results with new empirical formulas are better than traditional schemes, such as the constant, different constant in different subdomain, and depth-dependent form. We believe that the new empirical formulas could be referenced in the simulation of M 2 constituent in BYECS.
